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I. BIEÅU THÖÙC (EXPRESSION)
Bieán soá ( variables)
Soá (Numbers)
Toaùn töû ( Operaters)
Haøm ( Functions)

- toái ña 19 kyù töï coù nghóa
- phaân bieät giöõa chöõ hoa vaø chöõ thöôøng.
- baét ñaàu baèng moät töø theo sau laø töø hay soá hoaëc daáu  (_).
- bieán toøan cuïc (global) taùc duïng trong toøan chöông trình.
- bieán cuïc boä (local) taùc duïng trong noäi taïi haøm (function)
- moät soá bieán ñaëc bieät: pi, ans,…

Bieán (Variables) 

Kieåm tra bieán (who vaø whos)
Xoùa bieán (clear vaø clear all)

Ví duï
>> clear a
>> clear b degree
>> a
undefined function or variable
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1. Soá (Numbers)

format (ñònh daïng) 

Taát caû nhöõng con soá ñeàu ñöôïc löu kieåu ñònh daïng (format) 
Duøng haøm format ñeå ñònh daïng kieåu soá:

>> b=3/26;
>> format long; b
b =

0.11538461538462
>> format short e; b
b =

1.1538e-001
>> format bank; b
b =

0.12
>> format short eng; b
b =

115.3846e-003
>> format hex; b
b =

3fbd89d89d89d89e

>> format +; b
b =
+
>> format rat; b
b =

3/26
>> format short; b
b =

0.1154
>> format long eng; b
b =

115.384615384615e-003>>
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2. Toaùn töû (operaters) (+, -, *, /, \,^,’)
>> 2*4+2
ans =
10
>> (2+sqrt(-1))^2
ans =
3.0000 + 4.0000i

Caùc bieán khoâng caàn khai baùo tröôùc.
Caùc kyù töï thöôøng vaø in laø phaân bieät.
Keát thuùc caâu leänh vôùi “;” khoâng hieån thò keát quûa caâu leänh.
Bieán maëc nhieân “ans”

MATLAB

>> rayon = 1e-1;
>> surface = pi * rayon * rayon
surface =
0.0314

>> volume= 4*pi*rayon^3/3;
volume =
0.0042
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3. Haøm cô baûn (basis functions) abs, sqrt, exp, sin,…

cos( ) cos( )cosh( ) sin( )sinh( )

cos( )
2

iz iz

x iy x y i x y
e ez

−

+ = −

+
=

-4 -3 -2 -1 0 1 2 3 4-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

>> x=-pi:0.01:pi;
>> plot(x,cos(x); grid on

* log( ) log( ( )) tan 2( , )*z x i y z abs z a y x i= + → = +

>> abs(log(-1))
ans
3.1416

* ( ); tan 2( , ) tan( / )z x i y r abs z theta a y x a y x= + → = = =

>> z = 4 + 3i;
>> r = abs(z)
>> theta = atan2(imag(z),real(z))
r =

5
theta =

0.6435

>> z=r*exp(theta*i)
z=
4.0000+3.0000i
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4. Öu tieân caùc pheùp toaùn
>> a=2; b=3; c=4;
>> a*b^c
ans =
162
>> (a*b)^c
ans =
1296

5. Taïo , löu vaø môû taäp tin (fprintf, save, fscanf, load, fopen, fclose…) 
x = 0:.1:1; y = [x; exp(x)];
fid = fopen('exp.txt','w');
fprintf(fid,'%6.2f  %12.8f\n',y);
fclose(fid);

0.00    1.00000000
0.10    1.10517092

...
1.00    2.71828183

function file_dulieu
A=[1 2 3;4 5 6;7 8 9];
save dulieu A

clear all; clc
file_dulieu
load dulieu, A

Chöông trình conChöông trình chính

A =
1    2    3
4    5    6
7    8    9
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6. Haøm xöû lyù soá (fix, floor, ceil, round, sign, sort…) 

fix: laøm troøn veà 0
>> a=[1.25,-4.54,6.5,-7.1];
>> fix(a)
ans =
1 -4  6  -7
floor: laøm troøn veà aâm voâ cuøng
>> a=[1.25,-4.54,6.5,-7.1];
>> floor(a)
ans =
1 -5  6  -8

ceil: laøm troøn veà döông voâ cuøng
>> a=[1.25,-4.54,6.5,-7.1];
>> ceil(a)
ans =
2  -4  7  -7

round: laøm troøn
>> a=[1.25,-4.54,6.5,-7.1];
>> round(a)
ans =

1  -5  7  -7
sign: haøm daáu vôùi giaù trò ñôn vò
>> a=[1.25,-4.54,6.5,-7.1];
>> sign(a)
ans =

1  -1  1  -1
sort: saép xeáp töø nhoû ñeán lôùn
>> a=[1.25,-4.54,6.5,-7.1];
>> sort(a)
ans =
-7.1000  -4.5400  1.2500  6.5000
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II. MA TRAÄN VAØ VECTÔ “ […;…;…]”

“;” coù nghóa laø chuyeån sang haøng keá tieáp.
“,” hay “ “ phaân caùch giöõa caùc phaàn töû.

>> A = [ 1, 2, 3; 4, 5, 6; 7, 8, 10]
A  =

1 2 3
4 5 6
7 8 10

>> A(3,3) = 17
A =

1 2 3
4 5 6
7 8 17

>> vec = [10; 0; 1000]
vec =

10
0
1000

>> A’
ans =

1 4 7
2 5 8
3 6 17
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“:” coù nghóa laø taát caû.
“:” töø giaù trò naøy tôùi giaù trò khaùc.
“:” töø giaù trò naøy tôùi giaù trò khaùc böôùc bao nhieâu.

>> t = 1:5
t =
1 2 3 4 5
>> row = A(1,:)
row =
1 2 3
>> col = A(:,1)
col =
1
4
7
>> 1:0.3:2
ans =
1 1.3000 1.6000 1.9000

>> tt = t(:)
tt =
1
2
3
4
5
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Ma traän phöùc.

>> b = [4; 5-15*i; -5;2+i];
>> abs(b)

ans =
4.0000
15.8114
5.0000
2.2361

>> conj(b)
ans =

4.0000          
5.0000 +15.0000i
-5.0000          
2.0000 - 1.0000i

>> real(b)
ans =

4
5
-5
2

>> imag(b)
ans =

0
-15
0
1

>> angle(b)
ans =

0
-1.2490
3.1416
0.4636

>> atan2(imag(b),real(b))
ans =

0
-1.2490
3.1416
0.4636
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Haøm taïo ma traän ñaëc bieät. >> A=zeros(3)

A =
0     0     0
0     0     0
0     0     0

>> B=zeros(2,3)
B =

0     0     0
0     0     0

>> size(A)
ans =

3     3
>> zeros(size(B))
ans =

0     0     0
0     0     0

>> numel(B)
ans =

6
>> length(B)
ans =

3
>> rand(3,2)
ans =

0.9501    0.4860
0.2311    0.8913
0.6068    0.7621

zeros(n)
zeros(m,n)
zeros([m n])
zeros(size(A))
ones(n)
ones(m,n)
ones([m n])
ones(size(A))
eye(n)
eye(m,n)
eye(size(A))
pascal
magic
numel(A)
length(A)
rand(m,n)
diag(v,k), diag(v)
tril, triu
linspace(a,b), linspace(a,b,n)
logspace(a,b,n)

>> C=ones(3)
C =

1     1     1
1     1     1
1     1     1

>> D=eye(3)
D =

1     0     0
0     1     0
0     0     1

>> eye(3,2)
ans =

1     0
0     1
0     0

>> pascal(3)
ans =

1     1     1
1     2     3
1     3     6

>> magic(3)
ans =

8     1     6
3     5     7
4     9     2
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>> diag([2 1 2],1)
ans =

0     2     0     0
0     0     1     0
0     0     0     2
0     0     0     0

>> diag(A)
ans =

1
5
9

>> triu(A)
ans =

1     2     3
0     5     6
0     0     9

>> tril(A)
ans =

1     0     0
4     5     0
7     8     9

>> linspace(1,2,4)
ans =

1.0000    1.3333    1.6667    2.0000
>> logspace(1,2,4)
ans =

10.0000   21.5443   46.4159  100.0000

>> A=[1 2 3;4 5 6;7 8 9]
A =

1     2     3
4     5     6
7     8     9
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III. CAÙC PHEÙP TOÙAN TREÂN MA TRAÄN VAØ VECTÔ

Muõ cho töøng phaàn töû cuûa maûng.^

Chia töøng phaàn töû cuûa hai ma traän B 
vaø A

A.\B

Chia töøng phaàn töû cuûa hai ma traän A 
vaø B

A./B

Nhaân töøng phaàn töû cuûa hai ma traän A 
vaø B

A.*B
Chia traùi hai ma traän B vaø A A\B
Chia hai ma traän (chia phaûi) A vaø BA/B
Nhaân hai ma traän A vaø B A*B

Coäng hoaëc tröø hai ma traän cuøng kích 
thöôùc

+, -
Chuù thíchPheùp tính
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>> A=[1 2 3;4 5 6;7 8 9]
A =

1     2     3
4     5     6
7     8     9

>> A(2,3)=10
A =

1     2     3
4     5    10
7     8     9

>> B=A(2,1)
B =

4
>> C=[-4 2 3;1 2 1;2 5 6]
C =

-4     2     3
1     2     1
2     5     6

>> D=[A C]
D =

1     2     3    -4     2     3
4     5    10     1     2    1
7     8     9     2     5     6

>> D(5)
ans =

5
>> D(4,5)
??? Index exceeds matrix dimensions.
>> X=D
X =

1     2     3    -4     2     3
4     5    10     1     2    1
7     8     9     2     5     6

>> X(2,6)
ans =

1
>> X(2,:)
ans =

4     5    10     1     2     1
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>> X(:,1)
ans =

1
4
7

>> 1:5
ans =

1     2     3     4     5
>> 30:-4:15
ans =

30    26    22    18
>> X(2:3,:)
ans =

4     5    10     1     2     1
7     8     9     2     5     6

>> X(:,end)
ans =

3
1
6

>> E=X([2 3],[1 3])
E =

4    10
7     9

>> X(2,end)
ans =

1.
>> X(3,:)=[ ]
X =

1     2     3    -4     2     3
4     5    10     1     2     1

>> X(:,5)=[3 4]
X =

1     2     3    -4     3     3
4     5    10     1     4     1

>> X(2,:)
ans =

4     5    10     1     2     1

X =
1     2     3    -4     2     3
4     5    10     1     2    1
7     8     9     2     5     6
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>> C(4,:)=[8 4 6]
C =

-4     2     3
1     2     1
2     5     6
8     4     6

>> C(:,4)=[8 4 6 1]’
C =

-4     2     3     8
1     2     1     4
2     5     6     6
8     4     6     1

>> C=[C ones(4);zeros(4) eye(4)]
C =

-4     2     3     8     1     1     1     1
1     2     1     4     1     1     1     1
2     5     6     6     1     1     1     1
8     4     6     1     1     1     1     1
0     0     0     0     1     0     0     0
0     0     0     0     0     1     0     0
0     0     0     0     0     0     1     0
0     0     0     0     0     0     0     1

C =
-4     2     3
1     2     1
2     5     6

Ma traän phöùc.
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>> size(C)
ans =

3     3
>> mean(B)

ans =
2.6667

>> sum(B)
ans =

16
>> min(C)

ans =
-4     2     1

>> sort(C)
ans =

-4     2     1
1     2     3
2     5     6

C =
-4     2     3
1     2     1
2     5     6

B =
1     5     6    -5     7     2

Haøm xöû lyù ma traän vaø vectô (size, median, max, min, mean, sum, length,…) 
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• II. Giaûi heä phöông trình tuyeán tính vaø phi tuyeán baèng haøm thö vieän Matlab: solve

1. Heä ñaïi soá tuyeán tính A*x=b 

>>clear all
>>clc
>>A=[1 3 6;2 7 8;0 3 9];
>>b=[10;9;8];
>>x=inv(A)*b         %(x=A\b)

x =
7.8571
-3.1905
1.9524

8930
9872

1063

321

321

321

=++
=++
=++

xxx
xxx

xxx

2. Heä ñaïi soá tuyeán tính A*x=b , solve

>>S=solve('x+3*y+6*z=10','2*x+7*y+8*z=9','3*y+9*z=8')
S = 

x: [1x1 sym]
y: [1x1 sym]
z: [1x1 sym]

>> eval([S.x S.y S.z])
ans =

7.8571   -3.1905    1.9524
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3. Heä ñaïi soá tuyeán tính A*x=b, LU decomposition

>> clear all
>> clc
>> [L,U]=lu(A)
L =

0.5000   -0.1667    1.0000
1.0000         0         0

0    1.0000         0
U =

2.0000    7.0000    8.0000
0    3.0000    9.0000
0         0    3.5000

>> x=U\(L\b)
x =

7.8571
-3.1905
1.9524

>> x=inv(U)*inv(L)*b
x =

7.8571
-3.1905
1.9524

8930
9872

1063

321

321

321

=++
=++
=++

xxx
xxx

xxx
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7. CAÙC PHEÙP TOÙAN TREÂN ÑA THÖÙC
Tính giaù trò ña thöùc  

> pol=[1,2,3,4]
pol =
1 2 3 4
> polyval(pol,-1)
ans =
2

Tìm nghieäm ña thöùc  

> pol=[1,2,3,4]
pol =
1 2 3 4
> roots(pol)
ans =
-1.6506+ 0.0000j
-0.1747+ 1.5469j
-0.1747- 1.5469j
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Nhaân vaø chia ña thöùc  

> f1=[1 7 12];
> f2=[1 0 9];

f3=conv(f1,f2)
f3= 1  7  21  63  108

4 3 2
3 7 21 63 108f s s s s= + + + +

Cho hai ña thöùc: 1272
1 ++= ssf 92

2 += sf

213 * fff =Haõy tính

Cho hai ña thöùc: 4 3 2
4 9 37 81 52f s s s s= + + + + 2

5 4 13f s s= + +

> f4=[1 9 37 81 52];
> f5=[1 4 13];

[f6 r]=deconv(f4,f5)
f6= 1 5 4
r= 0  0  0  0  0

6 4 5/f f f=Haõy tính

2
6 5 4f s s= + +

r laø phaàn dö cuûa pheùp chia
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Phaân raõ ña thöùc  

Phaân raõ ña thöùc:
3

3 2

2 9 1( )
4 4

s sF s
s s s

+ +
=

+ + +
> a=[2 0 9 1];
> b=[1 1 4 4];
> [r,p,k]=residue(a,b)

Tính ñaïo haøm ña thöùc: polyder(p)  

>> p=[2 0 9 1];
>> polyder(p);
ans =
6   0  9

[b,a]=residue(r,p,k)
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Phöông phaùp bình phöông toái thieåu trong xöû lyù soá lieäu thöïc nghieäm  

> x=[1 3 10];
> y=[10 18 37];
> polyfit(x,y,1)
ans =
2.92537 8.01493

2.92537 8.01493y x= +

Bieåu thöùc phaân raõ ?
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8. Noäi suy
Noäi suy döõ lieäu moät chieàu : interp1(x,y,xi)

> x= 0 : 10 ;
> y = sin(x);
> xi= 0 : .5 : 10;
> yi= interp1(x,y,xi);

Noäi suy döõ lieäu moät chieàu ña thöùc baäc ba : spline(x,y,xi)

> x= 0 : 10 ;
> y = sin(x);
> xi= 0 : .5 : 10;
> yi= spline(x,y,xi);

0 1 2 3 4 5 6 7 8 9 10-1

-0.8

-0.6

-0.4
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0.6
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0 1 2 3 4 5 6 7 8 9 10-1
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-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8
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Noäi suy döõ lieäu hai chieàu : interp2(x,y,z,xi,yi)

> [x,y]= messhgrid(-3 : .25 : 3) ;
> z = peaks(x,y);
> [xi, yi]= messhgrid(-3 : .125 : 3) ;
> zi= interp2(x,y,z,xi,yi)
> hold on
> mesh(x,y,z), mesh(xi,yi,zi)
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9. Giaûi phöông trình, heä phöông trình vi phaân thöôøng

Haøm : dsolve(eq1,eq2,…,cond1,cond2,…,v)

x = cos(t)*C1+sin(t)*C2
y  = -sin(t)*C1+cos(t)*C2dsolve('Dx = y', 'Dy = -x')

cos(a*t) dsolve('D2y = -a^2*y',…
'y(0) = 1', 'Dy(pi/a) = 0')

exp(a*t)*b dsolve('Dy = a*y', 'y(0) = b')

-sin(-s+C1)dsolve('(Dy)^2 + y^2 = 1','s')

-1/2*cos(t)-1/2*sin(t)+exp(t)*C1dsolve('Df = f + sin(t)')

exp(a*t)*C1 dsolve('Dy = a*y')

Keát quaûVí duï
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Haøm : dsolve(eq1,eq2,…,cond1,cond2,…,v)

Ví du: giaûi phöông trình vi phaân caáp hai ( )81 16cos 7y y t+ =&&

( ) ( )'0 0, 0 0y y= =Vôùi ñieàu kieän ñaàu

>y= dsolve(‘D2y+81*y=16*cos(7*t)’,’y(0)=0’,’Dy(0)=0’,’t’) ;
> t = linspace(0,2*pi,400);
>y= subs(y,t) ;
> plot(t,y)

2 2.5 3 3.5 4 4.5 5 5.5 6 6.5-1
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MATLAB CAÊN BAMATLAB CAÊN BAÛÛNN
Haøm : dsolve(eq1,eq2,…,cond1,cond2,…,v)

Vôùi solver töông öùng vôùi ode45, ode32, ode113, ode15s, ode23s, ode23t, ode23tb

odefun laø haøm beân veá phaûi cuûa phöông trình 
tspan laø khoaûng laáy tích phaân [t0 tf] ñeå coù ñöôïc nghieäm taïi 
nhöõng thôøi ñieåm xaùc ñònh.  tspan = [t0,t1,...,tf].
y0 laø vector ñieàu kieän ñaàu.

Chuù thích

[T,Y] = solver(odefun,tspan,y0)Cuù phaùp

( )' ,y f t y=

Ví du: giaûi phöông trình vi phaân thöôøng ( ) ( )' 1y t y t+ = ( )0 0y =vôùi

> f=inline(‘1-y’,’t’,’y’)
> [t, y]= ode45(f, [0  2],0) ;
> plot(t,y) ;

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 20

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9
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MATLAB CAÊN BAMATLAB CAÊN BAÛÛNN
Haøm : dsolve(eq1,eq2,…,cond1,cond2,…,v)

Ví du: giaûi phöông trình vi phaân caáp hai ( ) ( ) ( ) ( )2
0 siny t By t y t A tω+ +Ω =&& &

Ñöa phöông trình vi phaân caáp hai veà heä hai phöông trình vi phaân caáp moät

( )
1 2

2
2 0 2 1sin

y y
y A t By yω

=⎧
⎨ = − −Ω⎩

&

&

> y0=[1 0];
> tspan=[0 3.5];
> B=2.5; OME=150; ome=122; A0=1000;
> [t,y]=ode45(‘f’,tspan,y0,[],B,OME,A0,ome)
> subplot(2,1,1), plot(t,y(:,1))
> subplot(2,1,2), plot(t,y(:,2))
> %%%%%%%%%%%%%%%%%%%%%
> function dy=f(t,y,flag,B,OME,A0,ome)
> dy= zeros(2,1) ;
> dy(1)=y(2);
> dy(2)=-B*y(2)-OME*y(1)+A0*sin(ome*t) ;
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MATLAB CAÊN BAMATLAB CAÊN BAÛÛNN

8. Laäp trình vôùi Matlab

Laø Scripts tuy nhieân coù theâm ñoái soá vaøo (input 
arguments) vaø ñoái soá ñaàu ra (output argument). Taát caû
caùc bieán hoaït ñoäng trong moät Workspace rieâng. Bieán 
trong function chæ laø bieán cuïc boä.
-----------------------------------------------------------------

M-file: doido.m
function rad = doido(do)
rad=do*pi/180;

function

Laø hình thöùc ñôn giaûn nhaát cuûa M-file, noù khoâng coù
thoâng soá vaøo vaø ra. Laø taäp hôïp caùc leänh vaø haøm cuûa 
Matlab. Taát caû caùc bieán taïo ra trong Scripts ñeàu coù theå
söû duïng sau khi Scripts keát thuùc.
-----------------------------------------------------------------

M-file: vidu.m
x= 0:0.01:2*pi;
y=sin(x);
plot(x,y);

Scripts

Matlab cho pheùp laäp trình theo hai hình thöùc: SCRIPTS vaø function
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MATLAB CAÊN BAMATLAB CAÊN BAÛÛNN

8. Laäp trình vôùi Matlab

Hình thöùc khai baùo haøm

- Töø khoaù function baét buoäc phaûi khai baùo.
- Thoâng soá ñaàu ra: neáu coù nhieàu giaù trò traû veà, caùc thoâng soá naøy ñöôïc ñaët trong 
daáu “[ ]”. Neáu khoâng coù giaù trò traû veà ta coù theå ñeå troáng hay ñeå daáu [].
- Teân haøm
-Thoâng soá ñaàu vaøo ñöôïc khai baùo trong daáu ()
- Bieán toaøn cuïc vaø ñòa phöông
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MATLAB CAÊN BAMATLAB CAÊN BAÛÛNN

8. Caáu truùc ñieàu kieän

Caáu truùc ñieàu kieän: if

if     (bieåu thöùc logic)
nhoùm leänh

end

if     (bieåu thöùc logic)
nhoùm leänh 1

else
nhoùm leänh 2

end 

Khoâng baKhoâng baèèngng~=~=
BaBaèèng nhaung nhau====
LôLôùùn hôn hoan hôn hoaëëc bac baèèngng>=>=
LôLôùùn hônn hôn>>
NhoNhoûû hôn hoahôn hoaëëc bac baèèngng<=<=
NhoNhoûû hônhôn<<
YYÙÙ nghnghóóaaToaToaùùn tn töûöû
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MATLAB CAÊN BAMATLAB CAÊN BAÛÛNN

8. Caáu truùc ñieàu kieän
Caáu truùc ñieàu kieän: if…end

if     (bieåu thöùc logic)
nhoùm leänh 1

elseif
nhoùm leänh 2

else
nhoùm leänh 3

end 
h=(a-b)/n vaø xi = a+i*h tính tích phaân cuûa 
haøm f=cos(x)+sin(x) cho a=0,b=pi/3

Baøi taäp

Giaûi thuaät
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MATLAB CAÊN BAMATLAB CAÊN BAÛÛNN
8. Caáu truùc ñieàu kieän

Caáu truùc ñieàu kieän: switch … case

switch        (bieåu thöùc ñieàu kieän) 
case           (giaù trò 1 bieåu thöùc)

nhoùm leänh 1
otherwise  

nhoùm leänh 2
end

Ví duï: taïo moät menu löïa choïn

chon = input(‘Nhap vao lua chon cua ban, chon=  ’) 
Switch  chon
case 1

disp(‘menu ve do thi ’);
case 2

disp(‘menu noi suy da thuc ’);
otherwise

disp(‘thoat khoi chuong trinh ’);
end

fprintf(' \n');
fprintf('Select a case:\n');
fprintf('==============\n');
fprintf(' 1 - pi\n');
fprintf(' 2 - e \n');
fprintf(' 3 - i \n');
fprintf('==============\n');
n = input('');
switch n
case 1
disp('Pi = ');disp(pi);
case 2
disp('e = ');disp(exp(1));
case 3
disp('i = ');disp(i);
otherwise
disp('Nothing to display');
end

Ví duï: taïo moät menu löïa choïn

Select a case:
==============
1 - pi
2 - e 
3 - i 
==============
1
Pi = 

3.1416
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MATLAB CAÊN BAMATLAB CAÊN BAÛÛNN
8. Caáu truùc laëp coù ñieàu kieän

Caáu truùc laëp coù ñieàu kieän: while

while    (bieåu thöùc ñieàu kieän) 
nhoùm leänh 

end 

Ví duï: yeâu caàu nhaäp vaøo giaù trò cho bieán x. 
vieäc nhaäp chæ keát thuùc khi x coù giaù döông

a= input(‘Nhap vao gia tri a:  ’) 
while a<=0

disp(‘a lon hon khong ’);
a= input(‘Nhap vao gia tri a:  ’)

end 

Baøi taäp
Tính toång cuûa chuoãi: 
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MATLAB CAÊN BAMATLAB CAÊN BAÛÛNN
9. Caáu truùc laëp

Caáu truùc laëp: for

for    bieán =  bieåu thöùc 
nhoùm leänh 

end 

Ví duï: vieát chöông trình nhaäp vaøo möôøi giaù trò cho bieán A

for  i = 1 : 10
tb=strcat(‘Nhap gia tri cho A(’,num2str(i),’) = ’);
A(i)= input(‘’)

end 
A

Baøi taäp
Vieát haøm tính giaù trò trung bình vaø ñoä leäch chuaån cuûa döõ lieäu chöùa trong vec tô haøng
x=[ x1 x2 . . . xn ] ñöôïc ñònh nghóa theo coâng thöùc sau
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PHPHÖÖÔNG TRÌNH VI PHAÂN ÔNG TRÌNH VI PHAÂN 
THTHÖÖÔÔØØNGNG
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NONOÄÄI DUNG:I DUNG:

Baøi toaùn giaù trò ñaàu :

Ví duï ñònh luaät 2 Newton

Phöông phaùp Euler

Phöông phaùp ñieåm giöõa

Phöông phaùp  Runge-Kutta

Baøi toaùn giaù trò bieân :

Ví duï ñònh luaät 2 Newton

Phöông phaùp Euler

Phöông phaùp ñieåm giöõa

Phöông phaùp  Runge-Kutta

Phöông trình vi phaân caáp 2 : 

Phöông trình vi phaân caáp 4 
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Ví duï ñònh luaät 2 Newton

amF rr
=

1.1 Ví duï ñònh luaät 2 Newton :

Gia toác laø ñaïo haøm baäc 1 cuûa vaän toác theo thôøi gian, do ñoù :

a
dt
vd r
r

=
vaø

m
F

dt
vd

rr

=

sT

Minh hoïa:

Ñònh luaät 2 Newton cho moät vaät noùng boû
vaøo trong moâi tröôøng chaát loûng. Söï thay ñoåi nhieät 
ñoä theo thôøi gian cuûa vaät ñöôïc moâ taû bôûi phöông 
trình vi phaân caân baèng naêng löôïng.

Q
dt
dTmc −=
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Vôùi nhieät naêng do laøm laïnh:

)( ∞−= TThAQ s

Giaû söû vaät lieäu coù tính caùch nhieät cao : =>  Ts  = T 

)( ∞−−= TThA
dt
dTmc hoaëc )( ∞−−= TT

mc
hA

dt
dT

Ví duï 1:

y
dt
dy

−= 0)0( yy =

Phöông trình naøy coù theå tích phaân tröïc tieáp :

dt
y

dy
−=

ln y = -t + C
ln y –lnC2 = -t

t
C
y

−=
2

ln

y = C2e-t
y = y0e−-t 

Ví duï ñònh luaät 2 Newton
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Tích phaân soá cuûa caùc phöông trình vi phaân

Cho :
);,( ytf

dt
dy

= 0)0( yy =

Tìm keát quaû chính xaùc taïi giaù trò t baát kì :

Vôùi h laø böôùc thôøi gian.
tj = t0 + jh 

y

f ( t0,y0) = ñoä doác ñoà thò taïi (t0,y0) 
Keát quaû soá taïi t3 

Keát quaû chính xaùc y(t)
y0

t

Goïi:

y( t ) = keát quaûchính xaùc

y( tj )= keát quaû chính xaùc taïi tj

yj   = keát quaû gaàn ñuùng taïi tj

f(tj , yj ) = keát quaû gaàn ñuùng cuûa 
haøm veà phía phaûi taïi t

Ví duï ñònh luaät 2 Newton
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Phöông phaùp Euler 
Cho h = t1 – t0  vaø ñieàu kieän ban ñaàu, y = y(t0), tính :

),( 0001 ythfyy +=

),( 1112 ythfyy +=

),(1 jjjj ythfyy +=+

Hoaëc

),( 111 −−− += jjjj ythfyy

...

Ví duï 2: Söû duïng phöông phaùp Euler ñeå tính

yt
dt
dy 2−= y(0) = 1

Keát quaû chính xaùc 
laø : 

),( 111 −−− += jjjj ythfyy ]512[
4
1 2tety −+−=
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Phöông phaùp Euler 

0
-0.0879
-0.1117
-0.1065

1.000
0.688
0.512
0.427

(Ñk ban ñaàu) 1.000
1.0 + (0.2)(-2.0) = 0.60
0.6 + (0.2)(-1.0) = 0.40
0.4 + (0.2)(- 0.4) = 0.32

NaN
0-(2)(1) = - 2.000

0.2 – (2)(0.6) = -1.000
0.4 – (2)(0.4) = -0.4

0.0
0.2
0.4
0.6

0
1
2
3

Sai soá
yj-y(tj)

C.xaùc
y(tj)

Euler
yj=yj+hf(tj-1,yj-1)tjj ),( 11 −− jj ytf

So saùnh vôùi ñoà thò : 
Ñoái vôùi h ñaõ bieát, sai soá lôùn 

nhaát trong keát quaû soá ñoù laø sai 
soá rôøi raïc toaøn cuïc

max )))(((∑ −
j

jj tyy
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Phöông phaùp Euler 

0.1117
0.0502
0.0240
0.0117

0.200
0.100
0.050
0.025

max(ej )h

Ñaùnh giaù sai soá :

Sai soá ñòa phöông  taïi moãi böôùc laø:

ej =  yj – y(tj)

vôùi y(tj) laø keát quaû chính xaùc taïi tj

GDE = max( ej )          j = 1, …

Giaûi baèng Matlab:

function [t,y] = odeEuler(diffeq,tn,h,y0)]
t = (0:h:tn)’;
n = length(t);
y = y0 + ones(n , 1);
for j = 2 : n
y(j) = y(j – 1) + h* feval(diffeq,t(j -1),y(j-1));
end

>> rhs = inline(‘cos(t)’,’t’,’y’) ;
>> [t,Y] = odeEuler(rhs,2*pi,0.01, 0) ;
>> plot(t,Y,’o’) ;
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Phöông phaùp ñieåm giöõa 
Taêng möùc ñoä chính xaùc baèng caùch tính ñoä nghieâng 2 laàn trong moãi böôùc cuûa h:

),(1 jj ytfk =

Tính moät giaù trò cuûa y taïi ñieåm giöõa :

( )jjjj ytfhyy ,
22/1 +=+

Ñaùnh giaù laïi ñoä nghieâng

)
2

,
2

( 12 khyhtfk jj ++=

Tính giaù trò cuoái cuøng cuûa y 

21 hkyy jj +=+
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Phöông phaùp ñieåm giöõa 

j -1

j

j -1
t +0.5h

ñaùnh giaù ñoä doác taïi

y  töø phöông phaùp Euler

keát quaû chính xaùc taïi y

j

y  töø phöông phaùp ñieåm giöõa

0.5h0.5h

1
+0.5hky

j -
1

j -1
y

t
j -1 j

t

Giaûi baèng Matlab:
function [t,y] = odeMidpt(diffeq,tn,h,y0)]

t = (0:h:tn)’;
n = length(t) ;
y = y0 + ones(n , 1) ;
h2= h /2 ;
for j = 2 : n

k1 = feval(diffeq,t(j -1),y(j-1)) ;
k2 = feval(diffeq,t(j -1)+h2,y(j-1)+h2*k1) ;

y(j) = y(j – 1) + h* k2 ;
end

>> rhs = inline(‘cos(t)’,’t’,’y’) ;
>> [t,Y] = odeEuler(rhs,2*pi,0.01, 0) ;
>> plot(t,Y,’o’) ;
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Phöông phaùp ñieåm giöõa 
So saùnh phöông phaùp Midpoint vôùi phöông phaùp Euler

y
dt
dy

−= y(0) = 1 1t0 ≤≤

Keát quaû chính xaùc laø :     y = e-t

2.86e-03
6.62e-04
1.59e-04
3.90e-05
9.67e-06
2.41e-06

57
112
222
442
882

1762

4.02e-02
1.92e-02
9.39e-03
4.66e-03
2.31e-03
1.15e-03

31
61

121
241
481
961

0.20000
0.10000
0.05000
0.02500
0.01250
0.00625

errHflopeHerrEflopeEh

Giaûi:
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Phöông phaùp  Runge-Kutta 

Tính ñoä doác ôû 4 vò trí öùng vôùi moãi böôùc laëp:

),(1 jj ytfk =

)
2

,
2

( 12 khyhtfk jj ++=

)
2

,
2

( 23 khyhtfk jj ++=

),( 34 hkyhtfk jj ++=

Ta tính ñöôïc yj+1

⎟
⎠
⎞

⎜
⎝
⎛ ++++=+ 6336

4321
1

kkkkhyy jj



T
S

 N
g

u
y
ễ
n

 H
o

à
i 

S
ơ

n

Phöông phaùp  Runge-Kutta 

Giaûi baèng Matlab

function [t,y] = odeRK4(diffeq,tn,h,y0)]
t = (0:h:tn)’;
n = length(t) ;
y = y0 + ones(n , 1) ;
h2= h /2 ; h3= h /3 ; h6= h /6 ;
for j = 2 : n
k1 = feval(diffeq, t(j -1), y(j-1))  ;
k2 = feval(diffeq , t(j -1)+h2, y(j-1)+h2*k1 ) ;
k3 = feval(diffeq , t(j -1)+h2, y(j-1)+h2*k2 ) ;
k4 = feval(diffeq , t(j -1)+h  , y(j-1)+h*k3)    ;
y(j) = y(j – 1) + h6* (k1+k4) + h3*(k2+k3);
end

>> rhs = inline(‘cos(t)’,’t’,’y’) ;
>> [t,Y] = odeRK4(rhs,2*pi,0.01, 0) ;
>> plot(t,Y,’o’) ;

[t,Y] = ode45(diffep,tn,y0)
Haøm thö vieän Matlab

>> rhs = inline(‘cos(t)’,’t’,’y’) ;
>> [t,Y] = ode45(rhs,[0 2*pi], 0) ;
>> plot(t,Y,’r’,’linewidth’,2) ;
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Phöông phaùp  Runge-Kutta 
So saùnh Euler, Midpoint vaø RK4:

y
dt
dy

−= y(0) = 1 1t0 ≤≤

5.80e-6
3.33e-7
2.00e-8
1.22e-9
7.56e-11
4.70e-12

129
254
504
1004
2004
4004

2.86e-3
6.62e-4
1.59e-4
3.90e-5
9.67e-6
2.41e-6

57
112
222
442
882
1762

4.02e-02
1.92e-02
9.39e-03
4.66e-03
2.31e-03
1.15e-03

31
61
121
241
481
961

0.20000
0.10000
0.05000
0.02500
0.01250
0.00625

err4flope4errMflopeMerrEflope
E

h

Giaûi:

Söû duïng haøm cuûa Matlab:
Söû duïng ode45
Cuù phaùp :

[t,Y] = ode45(diffep,tn,y0)
[t,Y] = ode45(diffep,[t0 tn],y0)
[t,Y] = ode45(diffep,[t0 tn],y0,options)
[t,Y] = ode45(diffep,[t0 tn],y0,options,arg1,arg2,…)
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Phöông phaùp  Runge-Kutta 
Ví duï

)tcos(
dt
dy

=

>> rhs = inline(‘cos(t)’,’t’,’y’) ;
>> [t,Y] = ode45(rhs,[0  2*pi], 0) ;
>> plot(t,Y,’o’) ;

y(0) = 0
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Baøi toaùn giaù trò bieân :
Phöông trình vi phaân caáp 2 : 

ÖÙng duïng cho caùc baøi toaùn veà thanh , truyeàn nhieät ,vv…
Daïng : ay’’(x)+by’(x)+cy(x)=f(x)         0 < x < 1  (7.10)
Ñieàu kieän bieân :

*0y
y(x= L) = *yL

b/    y’(x=0) = *'
oy

y(x= L) = 

c/     y(x=0) = *0y

y’(x=L) = *y'
L

*Ly

a/     y(x=0) =

Xaáp xæ (7.10) baèng löôùi ñeàu sai phaân trung taâm :ho= xΔ

yi’ = +
− −+

h
yy ii

2
11 0(h2)         vôùi O(h2) = -

6
1 h2fi’’’ (7.11)

+
+− −+

2
11 2

h
yfy iii 0(h2)   vôùi 0(h2) = -

12
1yi’’ = h2fi’’’ (7.12)
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(7.10), (7.11) vaø(7.12) cho ta phöông trình sai phaân

)(
2

2 11
2

11 xfcy
h

yy
b

h
yyy

a i
iiiii =+⎥⎦
⎤

⎢⎣
⎡ −

+⎥⎦
⎤

⎢⎣
⎡ +− −+−+

(2a+ bh)yi+1+(2ch2 - 4a)yi + (2a - bh)yi-1 = 2h2f(x)  (7.14)    

(2a + bh)y2 + (2ch2 - 4a)y1 + (2a - bh)yo = 2h2f(x)

(2a + bh)y3 + (2ch2 - 4a)y2 + (2a - bh)y1 = 2h2f(x) 

(2a + bh)y4 + (2ch2 - 4a)y3 + (2a - bh)y2 = 2h2f(x)

(2a + bh)y5 + (2ch2 - 4a)y4 + (2a - bh)y3 = 2h2f(x)

(2a + bh)y6 + (2ch2 - 4a)y5 + (2a - bh)y4 = 2h2f(x)

(7.13)

i=1  =>

i=2  =>

i=3  => 

i=4 =>

i=5 => 



T
S

 N
g

u
y
ễ
n

 H
o

à
i 

S
ơ

n

Ñaët :
A=2a + bh 
B=2ch2 - 4a 
C=2a – bh

Ñöa heä 5 phöông trình treân veà daïng ma traän :

a/ By1 +Ay2 = 2h2f(x)-Cy0*
Cy1+By2+Ay3 = 2h2f(x)
Cy2+By3+Ay4 = 2h2f(x)
Cy3+By4+Ay5 = 2h2f(x)
Cy4+By5 = 2h2f(x)-AyL*

Hay dạng ma trận :

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

B    C     0    0     0
A    B    C    0     0
0A        B    C     0
0    0A         B    C
0    0     0A        B

⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

5
4
3
2
1

y
y
y
y
y

=

⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

*Ay-f(x)2h
f(x)2h
f(x)2h
f(x)2h

*Cy-f(x)2h

L
2

2

2

2
0

2
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b/ *y'
2h

yy y' 0
02

1 =
=

= (Biết) ⇒ y0=y2 -2hy0’*

⇒

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡ +

B    C     0        0       0
A    B    C        0       0
0A        B       C       0
0    0A            B      C
0    0     0    CA   B

⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

5
4
3
2
1

y
y
y
y
y

=

⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡ +

*Ay-f(x)2h
f(x)2h
f(x)2h
f(x)2h

f(x)2h'*2hCy

L
2

2

2

2

2
0

c/ '*y
2h

yyy' L
46

5 =
−

= ⇒ '*2hyyy L46 +=

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

+ B    CA  0      0     0
A       B     C      0     0
0A            B     C     0
0       0A           B    C
0       0       0A         B

⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

5
4
3
2
1

y
y
y
y
y

=

⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

'*2hAy-f(x)2h
f(x)2h
f(x)2h
f(x)2h

*Cy-f(x)2h

L
2

2

2

2
0

2

(5)
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• I. Phöông phaùp soâ:      Chia ñoâi khoaûng, Newton-Raphson, Daây cung

1. Chia ñoâi khoaûng (Bisection Method)

xin

bax

tolxf

xa
xb

xfaf
xf

bax

k
tolba

m

m

m

m

m

m

m

:)10(
2

:)9(

)(:)8(
:)7(
:)6(

0)().(:)5(
0)(:)4(

2
:)3(

,..2,1:)2(
,,:)1(

+
=

≤

=
=

<
≠

+
=

=
Matlab code.

clear all
clc
a=3;b=4;tol=0.0001
for k=1:10

x=(a+b)/2;
if sign(f(x))==sign(f(a))

a=x;
else

b=x;
end
if abs(f(x)>tol)

break
end

end
function gg=f(x)
gg=x-x.^(1/3)-2;
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2. Newton-Raphson

xin
tolxx

xf
xf

xx

k
tolx

kk

k

k
kk

:)5(
:)4(

)('
)(

:)3(

,...2,1:)2(
,:)1(

1

1

1
1

0

<−

−=

=

−

−

−
−

clear all
clc
format long
x=10; tol=1e-10; itemax=20; itein=0;
while abs(f(x))>tol

itein=itein+1;
if itein>itemax break
end
Dx=-f(x)/df(x);
sprintf ('itein = %d   x= %20.10f  f(x) = 

%20.10f  Dx= %20.10f\n',...
itein,x,f(x),Dx);

x=x+Dx;
end
sprintf ('solution %20.10f, f(x)=…
%20.10f\n',x, f(x))
%-------------------------------------
function q=f(x)
q=x-x.^1/3-2;
function q=df(x)
q=1-1/3*1/(x.^(2/3));
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xIn

tolxf

xx
xx

xfxf
xfxf

xx
xfxx

k
tolxx

k

kk

kk

kk

kk

kk
kkk

:)8(
)(:)7(

:)6(
:)5(

0)()(:)4(
)()(

)(:)3(

...,3,2:)2(
.,,:)1(

1

1

11

1

1

1
1

21

≤

=
=

<
−
−

−=

=

+

+

+−

−

−

−
+

3. Daây cung (Secant Method):

clear all
clc
syms x
format long
x1=3;
x2=4;
tol=1e-6
while abs(f(x2))>tol

xk=x2-f(x2)*(x2-x1)/(f(x2)-f(x1));
if f(x1)*f(x2)<0

x2=xk;
else

x1=xk;
end

end
nghiem=x2
%---------------------------------------
function g=f(x)
g=x-x^(1/3)-2;
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Keát Quûa vaø so saùnh

1. Chia ñoâi khoaûng

1. Newton-Raphson

1. Daây cung

4. Ñoà thò f(x)=x-x^1/3-2
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2. Phöông phaùp giaûi laëp heä phöông trình tuyeán tính
a. Conjugate gradient method (CG):

)0()0()0()0()0( rp,Axbr,0x =−==

for k = 1,2,3,…..

( ) ( )
( ) ( ))1k(T)1k(

)1k(T)1k(
)k(

pAp
rr

−−

−−

=α

)1k()k()1k()k( pxx −− α+=
)1k()k()1k()k( pArr −− α−=

( ) ( )
( ) ( ))1k(T)1k(

)k(T)k(
)k(

rr
rr

−−
=β

)1k()k()k()k( prp −β+=

end

Kích thöùôc böôùc

Nghieäm xaáp xi

Thaëng dö

Caûi tieán 

Höôùng tìm nghieäm 

clear all
clc
a=[2 4 7; 4 5 6; 7 6 1];
b=[-1 2 5]';
x=[0 0 0]';
r=b-a*x;
p=r;
for i=1:10

alpha=r'*r/(p'*a*p);
x=x+alpha*p;
r1=r;
r1=r1-alpha*a*p;
beta=r1'*r1/(r'*r);
p=r1+beta*p ;
r=r1;

end
r
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b. Preconditioned Conjugate gradient method(PCG):

)0()0()0()0()0()0()0( hp,Crh,Axbr,0x ==−==

for k = 1,2,3,…..

( ) ( )
( ) ( ))1k(T)1k(

)1k(T)1k(
)k(

pAp

pr
−−

−−

=α

)1k()k()1k()k( pxx −− α+=
)1k()k()1k()k( pArr −− α−=

)k()k( Crh =
( ) ( )

( ) ( ))1k(T)1k(

)k(T)k(
)k(

hr

hr
−−

=β

)1k()k()k()k( php −β+=

end 

Chænh lyù

clear all
clc
a=[2 4 7; 4 5 6; 7 6 1];
b=[-1 2 5]';
x=[0 0 0]';
r=b-a*x;
h=0.5*r;
p=h;
for i=1:10

alpha = r'*p/(p'*a*p);
x = x + alpha*p;
r1 = r;
r1= r1-alpha*a*p;
h1 = 0.5*r1;
beta = r1'*h1/(r'*h);
p=h1+beta*p;
r=r1;
h=h1;

end
r1
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• B. Heä phöông trình phi tuyeán: Newton-Raphson

Giaûi thuaät Newton.

),(, nnAbAx =

thaëng dö : 

bAxf −=
Daïng toång quaùt

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

=

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

=

0
.
.
.
0
0

),.....,,(
.
.
.

),.....,,(
),.....,,(

)(

21

212

211

nn

n

n

xxxf

xxxf
xxxf

xf

a) Choïn nghieäm ñeà nghò          vaø soá
gia nghieäm ôû böôùc laëp thöù k            
ñeå:

)(kx
)(kxΔ

)()()1( kkk xxx Δ+=+ 0)( )1( =→ +kxf

b)  Khai trieån Taylor haøm f:

( ) ( ) ⎟
⎠
⎞⎜

⎝
⎛ Δ+Δ+=+ 2)()()()()1( 0)(' kkkkk xxfxxfxf

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

=≡

n

nnn

n

n

x
f

x
f

x
f

x
f

x
f

x
f

x
f

x
f

x
f

xJxf

...
......
......
......

...

...

)()('

21

2

2

2

1

2

1

2

1

1

1

b)  Jacobian haøm f boû ñi soá haïng baäc cao

( ) ( ) )()()()1( )( kkkk xxJxfxf Δ+=+
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c)  Tìm             töø:)(kxΔ

)()(0)( )()()()1( kkkk xfxxJxf −=Δ⇔=+

d) Baûy böôùc cho giaûi thuaät:

*  Ñeà nghò nghieäm ban ñaàu.

*  Tính giaù trò haøm f.

*  Kieåm tra chuaån        ñuû beù thì döøng.

*  Tính giaù trò Jacobian J.

*  Giaûi                        

*  Caäp nhaät nghieäm 

*  Trôû veà böôùc 2.                

f

fxJ −=Δ.
xxx Δ+←

0
3
2

0
2

3
42

3
31

2
42

2
31

4231

21

=+

=+

=+
=+

xxxx

xxxx

xxxx
xx

Ví duï:

Giaûi heä phöông trình phi tuyeán sau:

Matlab program

clear all
clc
format long
x=zeros(4,1); 
x(1)=0.7;x(2)=0.5;x(3)=-0.01;
x(4)=0.1;
tol=1e-10; itemax=100; 
itein=0;
f=fnorm(x);
while norm(f)>tol

itein=itein+1;
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if itein>itemax break
end
jac=jacobian(x);
dx=-jac\f;
x=x+dx;
f=fnorm(x);
sprintf ('itein = %d   x1= %15.10f  x2= %15.10f  x3= %15.10f…
x4= %15.10f  residual= %15.10f\n',itein,x,norm(f))

end
sprintf ('solution %20.10f, f(x)= %20.10f\n',x, f(x))
%--------------------------------------------------------------------------
function f=fnorm(x)
f=zeros(4,1);
f(1)=x(1)+x(2)-2;
f(2)=x(1).*x(3)+x(2).*x(4);
f(3)=x(1).*x(3).^2+x(2).*x(4).^2-2/3;
f(4)=x(1).*x(3).^3+x(2).*x(4).^3;
%-----------------
function jac=jacobian(x)
jac=zeros(4,4);
jac(1,1)=1;jac(1,2)=1;jac(1,3)=0;jac(1,4)=0;jac(2,1)=x(3);jac(2,2)=x(4);
jac(2,3)=x(1); jac(2,4)=x(2); jac(3,1)=x(3).^2;jac(3,2)=x(4).^2;
jac(3,3)=2*x(1).*x(3); jac(3,4)=2*x(2).*x(4);jac(4,1)=x(3).^3;
jac(4,2)=x(4).^3;jac(4,3)=3*x(1).*x(3).^2;jac(4,4)=3*x(2).*x(4).^2;
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Keát quaû.
ans =
itein = 33   x1=1.0000000000  x2=1.0000000000  x3=0.5773502692  
x4= -0.5773502692  residual=0.0000000000
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• I. Duøng phöông phaùp tính soá :
• 1. Luaät tuyeán tính :

∑∑

∑∑

==

==

====

====

m

i
iy

m

i
iixy

m

i
ix

m

i
iixx

ySyxS

xSxxS

11

11

74.7832.4

2.308.2

( )

( )
24.2

2843.01

8857.11

2 −=−=

=−=

=−=

xxx

yxxxyx

xyyx

mSSd

SSSS
d

mSSS
d

β

α

Ví duï
Ñoä moøn beà maët segment theo thôøi gian cho baûng döõ lieäu sau: vôùi m = 6.

2.031.671.520.990.920.61y 
0.90.70.60.50.40.1x 

Phöông trình caàn tìm: y = 1.8857x+0.2843
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• 2. Luaät ña thöùc baäc 2:

6,...,2,1,2,1,0,6,)( 2
210 ===++= ikmxaxaaxf
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m
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m
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1
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y=0.485 + 0.7845x + 1.1152x2

Phöông trình caàn tìm:

Matlab program
Clear all
clc
x=[0.1 0.4 0.5 0.6 0.7 0.9];
y=[0.61 0.92 0.99 1.52 1.67 2.03];
s1=0;s2=0;s3=0;s4=0;s5=0;s6=0;s7=0;
for   i=1:6

s1=s1+x(i);s2=s2+(x(i))^2;
s3=s3+(x(i))^3;s4=s4+(x(i))^4;
s5=s5+y(i);s6=s6+x(i)*y(i);
s7=s7+x(i)^2*y(i);

end

a=zeros(3,3);
b=zeros(3,1);
a(1,1)=6;
a(1,2)=s1;
a(1,3)=s2;
a(2,1)=s1;
a(2,2)=s2;
a(2,3)=s3;
a(3,1)=s2;
a(3,2)=s3;
a(3,3)=s4;
b(1,1)=s5;
b(2,1)=s6;
b(3,1)=s7;
c=LU(a,b);
% goïi haøm LU ñaõ thöïc hieän ôû
%chöông tröôùc ñeå giaûi nghieäm 
%giaûi baèng Matlab:
c0=0.485; c1=0.7845; c2=1.1152;
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y=0.485 + 0.7845x + 1.1152x2

• 3. Luaät phi tuyeán :

βα

βα

βα

+=→=

+=→=

+=→=

xxyxecy

xyxcy

xyecy

xc

c

xc

)/ln(

lnln

ln

2

2

2

1

1

1
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Noäi suy theo luaät haøm luyõ thöøa 

clear all
clc
x=[0.1  0.4  0.5  0.6  0.7  0.9];
y=[0.61  0.92  0.99  1.52  1.67  2.03];
%============================
% Baûng soá lieäu ño ñaïc
%============================
xx=[];
yy=[];
for i=1:6

xx=[xx log(x(i))];
yy=[yy log(y(i))];

end
su=0;
suu=0;

Matlab program

sv=0;
suv=0;
for i=1:6

su=su+xx(i);
suu=suu+(xx(i)^2);
sv=sv+yy(i);

suv=suv+xx(i)*yy(i);
end
d=su^2-6*suu;
c2=(su*sv-6*suv)/d
b=(su*suv-suu*sv)/d
c1=exp(b)

y = 1.8311 x0.5227
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4. Noäi suy theo luaät toå hôïp 

)(....)()()( 2211 xfcxfcxfcxf nn+++=

∑
=

=
n

i
ii xfcxf

1
)()(

x
x

y 2177.20365.0
+=

Phöông trình caàn tìm:

Matlab program
clear all
clc
x=[0.1  0.4  0.5  0.6  0.7  0.9];
y=[0.61  0.92  0.99  1.52  1.67  2.03];
A=zeros(6,2);
B=zeros(6,1);
for i=1:6

A(i,1)=f1(x(i));
A(i,2)=f2(x(i));
B(i,1)=y(i);

end
c=(A'*A)\(A'*B)

function b=f2(x)
b=x;

function a=f1(x)
a=1/x;

x
x

y 2177.20365.0
+=
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5. Noäi suy theo luaät ña thöùc döïa treân khai trieån Taylor 

Luaät ña thöùc 01
1

1 .... axaxaxay n
n

n
n ++++= −

−

011
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1111 .... axaxaxay n
n

n
n ++++= −

−
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Ví duï

Baûng döõ lieäu ño ñaïc :

α
maxρ

0.098158
0.075798
0.066604
0.049851
0.046624
0.041890
0.034597

1.0
1.5
1.8
2.0
3.0
3.5
4.5

α maxρ

a) Luaät Parabol

b) Luaät toå hôïp tuyeán tính  

32
2

1 cxcxc ++

xc
x
c

2
1 +
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Matlab program clear all
clc
alpha=[1 1.5 1.8 2.0 3.0 3.5 4.5]';
rho=  [0.098158 0.075798 0.066604 0.049851
0.046624 0.04189 0.0346]';
% luaät parabol qua 7 ñieåm: c1x^2+c2x+c3
A=[alpha.^2 alpha ones(size(alpha))];
disp(A'*A)
disp(A'*rho)
c =(A'*A)\(A'*rho)
% veõ ñoà thò
xfit=linspace(min(alpha),max(alpha));
yfit1=c(1)*xfit.^2+c(2)*xfit+c(3);
% luaät c1/x+c2x
A=[1./alpha alpha];
c=(A'*A)\(A'*rho);
xfit=linspace(min(alpha),max(alpha));
yfit2=c(1)./xfit+c(2)*xfit;
plot(alpha,rho,'o',xfit,yfit1,'r',xfit,yfit2,'c')
xlabel('alpha')
ylabel('rho')
title(‘rho=f(alpha)')
legend(‘ döõ lieäu ño ñaïc','luaät parabol',luaät toå hôïp')
grid on
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• II. Duøng tích phaân soá :

• 1. Luaät hình thang (Trapzoidal Rule) :

))()((
2

)( 1

1

ii

x

x

i xfxf
h

dxxf
i

i

+≈ −∫
−

x0 = a  x1 x2 ….           Xn-1 xn=b

y

f(x)

x

Eh

E
xfxf

xfxfxfhI
nn

trap +⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++

+++
=

− )()(2
.....)(2)(2)(

2 1

210

bxaxhiax
N

abh ni ==+=
−

= ,,*, 0

( ) EfffffhI nntrap ++++++= −1210 2.....22
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Ví duï
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Matlab program

clear all
clc
N=16;
a=0;
b=2;
h=(b-a)/N;
S=0;
for i=0:N

x=a+i*h;
if i==0 | i==N

c=1;
else

c=2;
end
S=S+c*pi*(1+(x/2).^2).^2;

end
S=h*S/2

Keát quûa:

-1.0341
-0.2609
-0.0654
-0.0163
-0.0040
-0.0010

12.7627
11.9895
11.7940
11.7449
11.7326
11.7296

1.
0.5

0.25
0.125

0.0625
0.03125

2
4
8

16
32
64

EhShhN

• 2. Luaät Simpson 1/3 (Simpson Rule) :
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Matlab program

clear all
clc
N=16;
a=0;
b=2;
h=(b-a)/N;
S=0;
for i=0:N

x=a+i*h;
if i==0 | i==N

c=1;

elseif i==fix(i/2)*2+1
c=4;

else
c=2;

end
S=S+c*pi*(1+(x/2).^2).^2;

end
S=h*S/3

-0.0523
-0.0032
-0.0002
-0.0000
-0.0000
-0.0000

11.7809
11.7318
11.7288
11.7286
11.7286
11.7286

1.
0.5

0.25
0.125

0.0625
0.03125

2
4
8

16
32
64

EhShhN

Keát quûa:

1.32
5

0 10 20 30 40 50
Soá phaân ñoaïn

1.32

1.31
5

1.31

1.30
5

1.3

1.29
5
1.29

Luaät Simpson

Luaät hình thang

Chính xaùc

Giaù trò tích phaân
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Sai soá phöông phaùp:
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3. Tích phaân Gauss (Gauss quadrature):

)()()()( 2211

1

1 nn xfwxfwxfwdxxfI +++≈= ∫− L

clear all
clc
format long
x1=-0.861136;
x2=-0.339981;
x3=0.339981;
x4=0.861136;
% ------troïng soá------------------------------------
w1=0.347855;
w2=0.652145;
w3=0.652145;
w4=0.347855;
f1=w1*gauss1(x1);
f2=w2*gauss1(x2);
f3=w3*gauss1(x3);
f4=w4*gauss1(x4);
m=f1+f2+f3+f4

%--------------------------------------------------------------------
function ff=gauss1(x)

ff=400*x^5-900*x^4+675*x^3-200*x^2+25*x+0.2;
keát quaû:

I=-4.929329328775451e+002

Ví duï: ∫
−

+−+−+=
1

1

5432 )400900675200252.0( dxxxxxxI

Tính vôùi 4 ñieåm Gauss:

Matlab program
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MATLAB MATLAB -- FEMFEM

Baøi taäp 3.4

clear all; clc; close all
echo off
%-------------------------------------------------------------
Edof=[1  1  2  3  4  5  6;

2  4  5  6  7  8  9];
%-------------------------------------------------------------
K=zeros(9); f=zeros(9,1); f(8)=-88.9/2;
%-------------------------------------------------------------
h=17.9; tw=0.315; bf=6.015;tf=0.525;
A=2*tf*bf+tw*(h-2*tf);
I=2.5e-2; E=2.1e8; L=6.1;
ep=[E A I];
Ex=[0 L;

L 3*L/2];
Ey=zeros(2,2);
Eq=zeros(2,2);
%-------------------------------------------------------------
for i=1:2

[Ke,fe]=beam2e(Ex(i,:),Ey(i,:),ep);
[K,f]=assem(Edof(i,:),K,Ke,f,fe);

end

Ed=extract(Edof,a);
[es1,edi1,eci1]=beam2s(Ex(1,:),Ey(1,:),ep,Ed(1,:),Eq(1,:),20);
[es2,edi2,eci2]=beam2s(Ex(2,:),Ey(2,:),ep,Ed(2,:),Eq(2,:),10);
%-------------------------------------------------------------

%-------------------------------------------------------------
bc=[1 0;2 0;4 0;5 0;7 0;9 0];
a=solveq(K,f,bc);
%-------------------------------------------------------------

function [Ke,fe]=beam2e(ex,ey,ep,eq);
%---------------------------------------------------------------------
%    INPUT:  
%            ex = [x1 x2]
%            ey = [y1 y2]       element node coordinates
%
%            ep = [E A I]   element properties
%                                  E: Young's modulus
%                                  A: Cross section area
%                                  I: Moment of inertia
%
%            eq = [qx qy] distributed loads, local directions
% 
%    OUTPUT: Ke : element stiffness matrix (6 x 6)
%                       fe : element load vector (6 x 1)
%-------------------------------------------------------------
b=[ ex(2)-ex(1); ey(2)-ey(1) ];
L=sqrt(b'*b);  n=b/L;
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MATLAB MATLAB -- FEMFEM

E=ep(1);  A=ep(2);  I=ep(3);
qx=0; qy=0;  if nargin>3; qx=eq(1); qy=eq(2); end

Kle=[E*A/L   0            0      -E*A/L      0          0 ;
0   12*E*I/L^3   6*E*I/L^2  0   -12*E*I/L^3  

6*E*I/L^2;
0   6*E*I/L^2    4*E*I/L    0   -6*E*I/L^2   2*E*I/L;

-E*A/L  0            0       E*A/L      0          0 ;
0   -12*E*I/L^3 -6*E*I/L^2  0   12*E*I/L^3  -

6*E*I/L^2;
0   6*E*I/L^2    2*E*I/L    0   -6*E*I/L^2   

4*E*I/L];

fle=L*[qx/2 qy/2 qy*L/12 qx/2 qy/2 -qy*L/12]';

G=[n(1) n(2)  0    0    0   0;
-n(2) n(1)  0    0    0   0;
0    0    1    0    0   0;
0    0    0   n(1) n(2) 0;
0    0    0  -n(2) n(1) 0;
0    0    0    0    0   1];

Ke=G'*Kle*G;   fe=G'*fle; 
%--------------------------end------------------------------

function [K,f]=assem(edof,K,Ke,f,fe)
%-------------------------------------------------------------
% INPUT: edof:       dof topology matrix
%        K :         the global stiffness matrix
%        Ke:         element stiffness matrix
%        f :         the global force vector
%        fe:         element force vector
%
% OUTPUT: K :        the new global stiffness matrix
%         f :        the new global force vector
%-------------------------------------------------------------

[nie,n]=size(edof);
t=edof(:,2:n);
for i = 1:nie

K(t(i,:),t(i,:)) = K(t(i,:),t(i,:))+Ke;
if nargin==5

f(t(i,:))=f(t(i,:))+fe;
end

end
%--------------------------end--------------------------------
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MATLAB MATLAB -- FEMFEM
function [d,Q]=solveq(K,f,bc)
% a=solveq(K,f)
% [a,Q]=solveq(K,f,bc)
%-------------------------------------------------------------
% PURPOSE
%  Solve static FE-equations considering boundary conditions.
%
% INPUT: K : global stiffness matrix, dim(K)= nd x nd
%        f : global load vector, dim(f)= nd x 1
%
%        bc : boundary condition matrix
%            dim(bc)= nbc x 2, nbc : number of b.c.'s
%
% OUTPUT:  a : solution including boundary values
%          Q : reaction force vector
%              dim(a)=dim(Q)= nd x 1, nd : number of dof's
%-------------------------------------------------------------

if nargin==2 ; 
d=K\f ; 

elseif nargin==3;
[nd,nd]=size(K);
fdof=[1:nd]';

%
d=zeros(size(fdof));
Q=zeros(size(fdof));

%
pdof=bc(:,1);
dp=bc(:,2);
fdof(pdof)=[];

s=K(fdof,fdof)\(f(fdof)-K(fdof,pdof)*dp);
%A=K(fdof,fdof);
%B=(f(fdof)-K(fdof,pdof)*dp);
%s=pcg(A,B);

%
d(pdof)=dp;
d(fdof)=s;

end  
Q=K*d-f;

%--------------------------end--------------------------------

function [ed]=extract(edof,a)
%-------------------------------------------------------------
% PURPOSE
%  Extract element displacements from the global 
% displacement
%  vector according to the topology matrix edof.
% INPUT:   a:  the global displacement vector
%         edof:  topology matrix
% OUTPUT: ed:  element displacement matrix
%-------------------------------------------------------------

[nie,n]=size(edof);
t=edof(:,2:n);

%
for i = 1:nie

ed(i,1:(n-1))=a(t(i,:))';
end

%
%--------------------------end--------------------------------
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MATLAB MATLAB -- FEMFEM
function [es,edi,eci]=beam2s(ex,ey,ep,ed,eq,n)
%    PURPOSE
%      Compute section forces in two dimensional beam element 
%(beam2e). 
%    INPUT:  ex = [x1 x2]
%            ey = [y1 y2]     element node coordinates
%            ep = [E A I]     element properties,
%                              E:  Young's modulus
%                              A:  cross section area
%                              I:  moment of inertia
%            ed = [u1 ... u6] element displacements
%            eq = [qx qy]     distributed loads, local directions 
%            n : number of evaluation points ( default=2 )
%          
%    OUTPUT: 
%  es = [ N1 V1 M1 ;  section forces, local directions, in   N2 V2 M2 
%;  n points along the beam, dim(es)= n x 3  .........]  
%    edi = [ u1 v1 ;    element displacements, local directions, u2 v2 
%;    in n points along the beam, dim(es)= n x 2 ....]    
%    eci = [ x1  ;      local x-coordinates of the evaluation 
%     x2 ;       points, (x1=0 and xn=L)        ...]
%-------------------------------------------------------------

EA=ep(1)*ep(2); EI=ep(1)*ep(3);
b=[ ex(2)-ex(1); ey(2)-ey(1) ];
L=sqrt(b'*b);

C=[0   0   0    1   0   0;
0   0   0    0   0   1;
0   0   0    0   1   0;
L   0   0    1   0   0;
0   L^3  L^2 0   L   1;
0 3*L^2 2*L  0   1   0];

n=b/L;
G=[n(1) n(2)  0    0    0   0;

-n(2) n(1)  0    0    0   0;
0    0    1    0    0   0;
0    0    0   n(1) n(2) 0;
0    0    0  -n(2) n(1) 0;
0    0    0    0    0   1];

M=inv(C)*(G*ed'-[0 0 0 -qx*L^2/(2*EA)    
qy*L^4/(24*EI) qy*L^3/(6*EI)]' );

A=[M(1) M(4)]';  B=[M(2) M(3) M(5) M(6)]';
x=[0:L/(ne-1):L]';   zero=zeros(size(x));    

one=ones(size(x));

u=[x one]*A-(x.^2)*qx/(2*EA);
du=[one zero]*A-x*qx/EA;
v=[x.^3 x.^2 x one]*B+(x.^4)*qy/(24*EI); 

% dv=[3*x.^2 2*x one zero]*B+(x.^3)*qy/(6*EI);
d2v=[6*x 2*one zero zero]*B+(x.^2)*qy/(2*EI);
d3v=[6*one zero zero zero]*B+x*qy/EI;

N=EA*du; M=EI*d2v; V=-EI*d3v; 
es=[N V M];
edi=[u v];
eci=x;

%--------------------------end--------------------------------

if length(ed(:,1)) > 1 
disp('Only one row is allowed in the ed matrix !!!')
return

end
qx=0; qy=0;  if nargin>4;  qx=eq(1); qy=eq(2); end 
ne=2;        if nargin>5;  ne=n; end;


